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1. Introduction. 

In a recent paper [BaMe], Bauke and Mertens have formulated an interesting conjecture 
on the behavior of local energy level statistics in disordered systems. Roughly speaking, 
their conjecture can be formulated as follows. Consider a random Hamiltonian, Hn(o-), i.e. a 
random function from some product space, S N , where S is a finite space, typically {—1, 1}, 
to the real numbers. We may assume for simplicity that EHn(o~) = 0. In such a situation, for 
typical a, Hn{p) ~ V~N, while sup CT Hn(ct) ~ N. Bauke and Mertens then ask the following 
question: Given a fixed number, E, what are the statistics of the values N~ l / 2 H^{a) that are 
closest to this number E, and how are configurations, a, for which these good approximants 
of E are realized, distributed on 5^? Their conjectured answer, which at first glance seems 
rather surprising, is simple: find Sn,e such that P(| N~ 1 / 2 Hjy(a) — E\ < &5jv,b) ~ \S\~ N b 
for any constant b > 0; then the collection of points 5^ 1 E \N~ 1 ^ 2 HN(a) — E\ over all a € S N 
converges to a Poisson point process on R + , with intensity measure the Lebesgue measure. 
Furthermore, for any finite k, the fc-tuple of configurations a 1 ,a 2 , . . . ,a k , where the k best 
approximations are realized, is such that all of its elements have maximal Hamming distance 
between each other. In other words, the asymptotic behavior of these best approximants 
of E is the same, as if the random variables H^{a) were all independent Gaussian random 
variables with zero mean and variance N, i.e. as if we were dealing with the random energy 
model (REM) [Deri]; for this reason, Bauke and Mertens call this phenomenon "universal 
REM like behavior". 

This conjecture was proven recently [BK2] in a wide class of models, including mean field 
models and short range spin glass models. In the case of Gaussian interactions, it was shown 
to hold even for energies that diverge with the volume of the system, N, as E N = cN a , for 
< a < ao, where ao is model dependent. 

Is is rather clear that the conjecture must break down in general for a such that cN a is of 
the order of the maximum of iTjv(cr). It is a natural question to ask what will happen in this 
regime. Naturally, the answers will become model dependent, and in general very difficult 
to obtain. The only (non-trivial) models where we are able to carry out such an analysis 
in detail are the so-called generalized random energy models (GREMs) of Derrida [Der2]. 
In these models, the extremal process was analyzed in full in [BK1]. The result we obtain 
gives a somewhat extreme microcanonical picture of the GREM, exhibiting in a somewhat 
tomographic way the distribution of states in a tiny vicinity of any value of the energy. 

Let us briefly recall the definition of the GREM. We consider parameters a = 1 < 
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ai,... ,a n < 2 with nr=i a* = 2, a = < ai, . . . ,a n < 1, ^"=i fli = 1 - Let Sjv = i -1 ' 
be the space of 2^ spin configurations a. Let X ai ... ai , I = 1, . . . ,n, be independent standard 
Gaussian random variables indexed by configurations o"i . . . 07 £ { — 1, l} Arin ( Q i ,,,Q !)/ ln2 , "We 
define the Hamiltonian of the GREM as H^{a) = \fNX a , with 

X a = y/a[X ai H h v/o^-^ct!-^- (1-1) 

Then cov (X a ,X a >) = A(cIn(o; c')), where djv(c, <r') = A r_1 [min{i : <jj / <r^} — 1], and ^(ar) is 

a right-continuous step function on [0, 1], such that, for any i = 0, 1, . . . , n, = aoH ha*, 

for x £ [ln(aoQ!i, • • • a{)/ In 2 , ln(aoai, • • • ttj+i)/ln 2). 

Set Jo = 0, and, define, for I > 0, 

7 ■ / >» 7 ln («^-i+i . ln(a J+1 ■ ■ ■ a m ) \ 

Ji = mm <n> J > J;_i : < Vm > J + 1 >. (1.2) 

I a Jt _ 1+ i H h aj aj+i H h a m J 

up to Jfc = n. Then, the A; segments connecting the points (ao+- • -+aj, , ln(aoai • • • aj, )/ In 2), 
for I = 0, 1, . . . , k form the concave hull of the graph of the function A(x). Let 

o-i = a,j l l+ i + aj l l+ 2 H haj,, a\ = aj l _ 1+1 a Jl _ 1+2 ■ ■ ■ • (1-3). 

Then 

lnai ^ lna 2 ^ ^ hid^ (14) 

ai a 2 afc 

Moreover, as it is shown in Proposition 1.4 of [BK1], for any I = l,...,k, and for any 
J1-1 + 1 < i < Ji, we have ln(a Jl l+1 • • • a i )/(a J[ _ 1+1 H h aj) > ln(d/)/a/. Hence 

In a/ . ln(a Jl _ 1+1 ...a j ) 

— — = mm . (1.5) 

ai j=J t - 1 +i,Ji- 1 +2,...,n aj l l+ \ + ■ ■ ■ + aj 

To formulate our results, we also need to recall from [BK1] (Lemma 1.2) the point process 
of Poisson cascades V 1 on M 1 . It is best understood in terms of the following iterative 
construction. If I = 1, V 1 is the Poisson point process on R 1 with the intensity measure 
Kie~ x dx. To construct V 1 , we place the process V l ~ x on the plane of the first 1 — 1 coordinates 
and through each of its points draw a straight line orthogonal to this plane. Then we put on 
each of these lines independently a Poisson point process with intensity measure K\e~ x dx. 
These points on M 1 form the process V 1 . The constants Ki, . . . ,K t > (that are different 
from 1 only in some degenerate cases) are defined in the formula (1.14) of [BK1]. 



4 



Section 1 



We will also need the following facts concerning V 1 from Theorem 1.5 of [BK1]. Let 
7i > 72 > • • • > H > 0. There exists a constant h > 0, such that, for all y > 0, 

P(3(a;i, . . . ,xi) £ V l ,3j = 1, . . . ,1 : 7127 +7 2 x 2 H l"7j^ > (7H l"7j)y) < exp(-/iy). 

(1.6) 

Here and below we identify the measure "P J with its support, when suitable. Furthermore, 
for any y £ R, 

. . . ,xj) G "P' : X171 H \- xai > y} < 00 a.s. (1.7) 

Moreover, let /3 > be such that /?7i > • • • > /?7; > 1. The integral 

A; = J e^ lXl+ -^V l {d Xl ,...,dxi). (1.8) 

is understood as lim^-oo h{y) with 

Ii(y)= J e^ lXl+ - + ^ lXl '>V l (dx 1 ,...,dxi) 

(l lr . . .ajjjER' : 
3i,l <»<I:-T 1 aij H hTj^iXTlH h-Tj)a 

i , (1.9) 

= / e^ lxl+ -" +w V(dxi,...,cte ; ,). 

7=1 

^ fx 1 x ; )€M^: 

Vi — — l:-y 1 x 1 H h7i^<(TlH Y~ii)y 

Tl^lH h7;j >(71 H h7j )y 

It is finite, a.s., by Proposition 1.8 of [BK1]. To keep the paper self-contained, let us recall 

how this fact can be established by induction starting from I = 1. The integral (1.8), in 

00 

the case I = 1, is understood as lim^-oo I\{y). Here h(y) = J e f3 ' riXl Vi(dx) is finite, 

y 

a.s., since V\ contains a finite number of points on [y, oof, a.s. Furthermore, by [BKL] 
or Proposition 1.8 of [BK1], lim y ^_oo h(y) is finite, a.s., since ~Eswp y , <y (Ii(y') — h(y)) 
converges to zero exponentially fast, as y — > — oo, provided that /J71 > 1. If I > 1, each term 
in the representation (1.9) is determined and finite, a.s., by induction. In fact, to see this for 
the jth term, given any realization of V 1 in M 1 , take its projection on the plane of the first 
j coordinates. Then by (1.7), there exists only a finite number of points (x 1: . . . ,xj) of V\ 
such that jixi + • • • + jjXj > (71 + • • • + jj)y, a.s. Whenever the first j coordinates of a 
point of V 1 in are fixed, the remaining I — j coordinates are distributed as V l ~i on PJ _J . 
Then the integral over the function e^ 7j ' +lX -»' +1 ~ l ^ x i) over these coordinates is defined by 
induction and is finite, a.s., provided that 0jj+i > ■ ■ > (3^i > 1. Thus the jth term in (1.9) 
is the sum of an a.s. finite number of terms and each of them is a.s. finite. Finally, again by 



Beyond the REM conjecture 



5 



Proposition 1.8 of [BK1], lim^-oo Ii(y) is finite, a.s., since E swp y , <y (Ii(y') — Ii{y)) —> as 
y — ► — oo exponentially fast provided that /?7i > • • • > /?7; > 1. 

Let us define the constants di, I = 0,1,... ,k, where d = and 

i 

di = J2Vai2lnai. (1.10) 
Finally, we define the domains T>i, for I = 0, . . . , k — 1, as 

fc 



H <^+ /^±i £ a A. (i.ii) 



It is not difficult to verify that V C V 1 C • • • C T> k _ 1 . We are now ready to formulate the 
main result of this paper. 

Theorem 1.1: Let a sequence G I k such that lim sup cat G £>o hm inf G 

Do • T/ien, i/te point process 

M N= E 5 { 2 - + i( 2 .)- 1 / 2e -4-/ 2 |^-c JV VJv|} (L12) 

converges to the Poisson point process with intensity measure the Lebesgue measure. 



Let, for I = 1, . . . , k — 1, c 6 T>i \ T>x_\ (where T>i_i is the closure ofDi_\). Define 

ci = \c\ - di, (1-13) 



and 



01 = , — _ , 7 i = VV(2 In i = l,...,i, (1.14) 

az+i H + dfc 

^ (jv) = 2(g i+1 -q fc ^exp(-JVQA/2) jW^g.)-^/*. ( L15 ) 
\/27r(az_|_i H h a fc ) J=1 

Then, i/ie point process 

M " = E <5 {fl !( Jv)|^r^ 1 +-+^x CT1 ... CTn -cViv|} ( L16 ) 

converges to mixed Poisson point process on [0, oo[: (/wen a realization of the random variable 
A/, its intensity measure is Aidx. The random variables Ai is defined in terms of the Poisson 
cascades V\ via 

M = j e^ lXl+ -" llXl) V l (dx 1 ,...,dxi). (1.17) 
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The next section will be devoted to the proof of this result. Before doing this, we conclude 
the present section with a heuristic interpretation of the main result. 

Let us first look at (1.12). This statement corresponds to the REM-conjecture of Bauke 
and Mertens [BaMe]. It is quite remarkable that this conjecture holds in the case of the 
GREM for energies of the form cN (namely for c 6 T> ). 

In the REM [Deri], X a are 2 N independent standard Gaussian random variables and a 
statement (1.12) would hold for all c with |c| < \/21n2: it is a well known result from the 
theory of independent random variables [LLR] . The value c = \Jl In 2 corresponds to the max- 
imum of 2^ independent standard Gaussian random variables, i.e., iriax cr g5] Ar 
y/2 In 2 a.s. Therefore, at the level c = y/2 In 2, one has the emergence of the extremal process. 
More precisely, the point process 

^{ V2N In 2 (x, - V2AT In 2+ln(47rAT In 2) /V8AT In 2) } ' (l-^) 

that is commonly written as y\, cV S-i tY \ with 

, x r^rr, — ln(4vriVln2) x 

u N {x) = V2Nln2 \ ' + - 1.19 

2V2iVln2 V2JVln2 



converges to the Poisson point process V 1 defined above (see e.g. [LLR]). For c > \J2 In 2, 
the probability that one of the X CT will be outside of the domain {|x| < cy/N}, goes to zero, 
and thus it makes no sense to consider such levels. 

In the GREM, N~ 1/2 

max CT g2jv ^-cr converges to the value d^ 6 dD^—i (L10) (see Theorem 
1.5 of [BK1]) that is generally smaller than y/2 In 2. Thus it makes no sense to consider levels 
with c Dk-i- However, the REM-conjecture is not true for all levels in Pfe-i) but only in 
the smaller domain T>q. 

To understand the statement of the theorem outside V , we need to recall how the extremal 
process in the GREM is related to the Poisson cascades introduced above. Let us set T,n Wi = 
{-1,1}^ where 

wi =ln(<5i ■••«;)/ In 2 (1.20) 
with the notation (1.3). Let us also define the functions 

1 

U hN {x) = N l ' 2 di - N-^Y^liM^Nlnai) /2 + N^^x (1.21) 

i=l 
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with the notations (1.3), (1.10), (1.14), and set 

3 n 

x^^VM^...*,, xi= V^iX*^- (1-22) 

i=l i=j + l 

From what was shown in [BK1], for any I = 1, . . . , k, the point process, 

£l,N= Yl S u-*(x?) ( L23 ) 

converges in law to the Poisson cluster process, £i, given in terms of the Poisson cascade, V 1 , 
as 

Si = J V w (dx 1 ,...,dx l )S^ l ^ txi . (1.24) 



In view of this observation, we can re-write the definition of the process M N as follows: 



M " . ^ J2 <5 { fii (iv)|x^-yiv[|c|-ci i -iv-Hr i , ; v-c/-^(x^))]|}, 



;i.25) 



with the abbreviation 

i 

i=i 

(c is replaced by |c| due to the symmetry of the standard Gaussian distribution). The 
normalizing constant, Ri(N), is chosen such that, for any finite value, U, the point process 



2 S {R,(N)\xi] t -VN[\c\-d l -N-^r l , N -U)]\}, (L27) 

converges to the Poisson point processes on R+, with intensity measure given by e u times 
Lebesgue measure, which is possible precisely because c 6 T>i \2?;_i, that is |c| — is smaller 
that the a.s. limit of iV -1 / 2 maXo-gs (1 _ ii);)JV -X"/^- This is completely analogous to the analysis 
in the domain Dq. Thus each term in the sum over a in (1.25) that gives rise to a "finite" 
Ur^(Xi), i.e., to an element of the extremal process of X l ~, gives rise to one Poisson process 
with a random intensity measure in the limit of M N . This explains how the statement of the 
theorem can be understood, and also shows what the geometry of the configurations realizing 
these mixed Poisson point processes will be. 

Let us add that, if c € &Dk-i, i.e. \c\ = dk, then one has the emergence of the extremal 
point process (1.23) with I = k, i.e. £ CTeEiV S {VN(x v -d h VN+N-w>r h ,„)} converges to (1.24) 
with / = k, see [BK1]. 
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2. Proof of Theorem 1.1. 

Note that (1.17) is finite a.s. since 71 > • • • > 7; by (1.4) and (i^i > 1 by the definition of 
Pi. Note also that c can be replaced by |c| in (1.12) and (1.16) due to the symmetry of the 
standard Gaussian distribution. 

Let M l N (A) be the number of points of M l N in a Borel subset A C M+. We will show that 
for any finite disjoint union of intervals, A = U^ =1 [a q , b q ), the avoidance function converges 

P(A4(A) = 0)->Eexp(-|A|A,), (2.1) 

where of course A = 1 in the case I = 0. Note that in that case, the right-hand side is the 
avoidance function of a Poisson point process with intensity 1, while in all other cases, this 
is the avoidance function of a mixed Poisson point process. 

To conclude the proof in the case Z = 0, it is enough to show that for any segment A = [a, b) 

EM° N (A) ->■ (6 -a), iV^oo. (2.2) 
Then the result (1.12) would follow from Kallenberg's theorem, see [Ka] or [LLR]. 

In the cases I = 1, . . . , k — 1 we will prove that the family {M l N }^ =1 is uniformly tight: 
by Proposition 9.1V of [DV], this is equivalent to the fact that, for any compact segment, 
A = [a, b], and for any given e > 0, one can find a large enough integer, R, such that 

V(M l N (A) > R) < e, ViV > 1. (2.3) 

Finally, we will show that the limit of any weakly convergent subsequence of M l N is a simple 
point process, that is without double points (see Definition 7.1IV in [DV]). Theorem 7.3II of 
[DV] asserts that a simple point process is uniquely characterized by its avoidance function, 
which then implies the result (1.16) claimed in Theorem 1.1. 

To prove (2.1), we need the following lemma. 

Lemma 2.1: Let A = U q=1 [a q ,b q ), < ai < 61 < a-i < 62 < • • • < a q < b q , with 
\A\ = ^ =1 (f),-o g ). LetO < f < 1, K(N) > be a polynomial in N . We writeK(N)f N A = 
U p q=1 [K(N)f N a q ,K(N)f N b q ). 

For any i = 1, 2, . . . , n, any e > 0, 6 > small enough, and M > 0, there exists N , such 
that, for all N > N and for all y, such that 

(a, + ■ ■ ■ + a n ) (2 In a m + • • • + 2 In a n + 2 In / + e) 



max ( max 

. m=i+l,...,n a m + • • • + a n (2 4) 



(21na i+1 + --- + 21na n + 21n/ + e)) < y 2 < M, 
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p(Vae{-l,l} A ' (ln(a -'" a " )/ln2) : S 1 = -yVN d K(N)f N a) (2.5) 

^ V a i + " " " + a n ' 

with X^ 1 defined by (1.22), is bounded from above and below, respectively, by 

exp ( - (1 ± 5)\A\{2v)-^2K(N)f N a? af +1 • • • a^T^ 2 ) . (2.6) 



Proof. Let us define the quantity 



P N (i,y,f,K(N)) = p(a<7 G {_!, l}(lna 1+ i + -«,.)/ln2 . * -y^N € K(N)f N A 

(2.7) 

We will show that, for any e > small enough and M > large enough, we have 



P N (i,y,f,K(N)) (27r)- 1 / 2 2K(N)f N \A\af[ 1 ---a^e-y 2N / 2 , as N -+ oo, (2.8) 

uniformly for the parameter y in the domain 

(djH ha n )(21na m H h 2 In a„ + 2 In / + e) 2 

max < y < M. (2-9) 

m=i+i,...,n a m + ■ ■ ■ + a n 

ce N 

Then, the probability (2.5) equals (l — P^{i,y, /, -RT(iV))) ' , where the asymptotics of the 
quantity Px(i,y, f,K(N)) is established in (2.8). Moreover, by the assumption (2.4), 

P N (i,y,f,K(N)) < (27r)- 1 / 2 2K(N)\A\eM-eN/2) - 0. (2.10) 

Then the elementary inequality, — x — x 2 < ln(l — x) < —x, that holds for \x\ < 1/2, leads to 
(2.6). 

Therefore we concentrate on the proof of the asymptotics (2.8). Let X be a standard 
Gaussian random variable. Then 

P N (n, y, f, K(N)) = F(\X - y^N\ G K{N)f N A) ~ {2ir)-V*2K(N)f N \A\e-*' N '*, N - oo, 

(2.11) 

uniformly for y 2 < M. This implies (2.8) for i = n. Note also that 



P N (i, y, /, K(N)) < a? +1 ■ ■ • a^P(|X - yVN\ G K(N)f N A), (2.12) 
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so that the upper bound for (2.8) is immediate. We will establish the lower bound by induction 
downwards from i = n to i = 1, using the identity 



r dte~ t2/2 I 
P N (i,y,f,K(N))= J 



1- 



V a i H F a n y\fN - y/ait y/al H F a n „, An \ 

- P N [i + 1, — , /, —=====K (N) 

V y/N(a i + 1 + • • • + 0„) + • • • + On ' 

By the induction hypothesis for i + 1, 



(2.13) 



-P/v (< + 1, v 7 + - + a " y "^ ,/, ^ + ;" + " ^ (ao) 

V y/N(a i+1 -\ ha„) V^+i H F a n / 



. • 4- . . . 4- a (y/ a i + '-- + a ny-^-V m i t ) 

~ (2VT)- 1 / 2 p±= ± ^2K(N)f N \A\a? +2 a» +3 ■ ■ ■ a»e >W~^> , 

(2.14) 

uniformly for all y,t that satisfying 

(dj+i H h a n )(21na m H h 21na„ + 2 In / + e,+i) 

max 

m=i+2,...,n a m + ■ ■ ■ + Cl n 

V«i H ^ a n yVN - y/a~it\ 2 



< / v j h a n y v - yQjt \ z < 

" V ViV(a i+ i + • • • + a n ) > 



y/N(a i+1 H ha n ) 

for any ej+i > small enough and M i+1 > large enough. The right-hand side of this 
inequality reads 

VTVTf (y) = ViV-^-— ' — — v + ' — - — — < t 

i ^ (2.16) 

< //y V^j + • • • + ^ + V"^ 1 + • • • + Q n M ^+i = ViVT+(y). 

Obviously, the left-hand side of (2.15) holds for all t G (— oo, oo), if In a n + ■ ■ ■ + In 0^+2 + 
2 In / < and c^+i is small enough. Otherwise, it holds, if either 



"' 1 '" " -" (2-17) 



viV / . 

t > — — max v«i H V o-nU 

\/a; m=i + 2,...,«: \ 

+ a ! +1 t" "t Q =v /21n ^ + --- + 21n »» + 21n / + ^+i) =Vivr 2 + (y), 

V a m H Va n J 



or 

Y 



Viv . / . 

i < — = mm Va-i H h a„y 

V 1 ln«„ + --- + lii« m + 21ii/>0 (2-18) 

_ a »+i + --- + a ^ 21na m + --- + 21na ra + 21n/ + 6, +1 ) = ^/NT^{y). 
V o m + • • • + a n ' 
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Let us put for convenience T 2 + (y) = — oo and r 2 ~ (y) = oo, if 2 In a n -\ \-2 In a.i+2+2 In / < 0. 

Finally, 



a i+1 Pjv(* + l, — 7= *=- ,f, — , = i M -» °» 2 - 19 

V y/N(Oi +1 + • • • + a„) V°i+i + • • • + a « 7 



uniformly in the domain where 

/ Vaj H F a n y\fN - ^/al t\ 2 

V ^/JV(a i+ i + • • • + On) 



> 2lna i+1 + --- + 21na n + 21n/ + e i+ i. (2.20) 



This domain is equivalent to — oo < t < +oo, if 21na n + • • • + 21nai+i + 2 In/ < and 
6i+i > is small enough. Otherwise, it is reduced to the union of the domains 



t > —— (y/a,i-\ a n y + y/ (a i+1 H h a n )(2\x\a i+1 H h 21na n + 2 In / + e i+ i)) 

= T+(y)^/N 

(2.21) 

and 



'N_. 
= T 3 + (y)^/N 



t < —— (yjcti H a n y - \J (a i+1 H h a„)(21na i+ i H h 21na„ + 2 In/ + e^i)) 

a / (2? V / m 

(2.22) 



Then, using the elementary inequalities 

-x-x 2 < ln(l-x) < -x, 1 + x < e x < 1 + x + x 2 for \x\ < 1/2, (2.23) 

it is easy to deduce from (2.13), (2.14), and (2.19) the following asymptotic lower bound, if 
21na„ H h 21na i+ i + 2 In/ > 0: 



P(i,y,f,K(N)) > (27T)- 1 ^ + ; • • ^ 2iT(Ar)/^af +1 af +2 af + 3 • • • a? 

minCT-CvJ.Ta-CvJjVlV T+foJVTV ( 2 24) 

, r f s (y / °i + '-' + °nyV^V- % A?T*)' ; 2 V • / 

x / + / Je 2 ( a t+1+ . .+„„) e -t /2 dt 

T~(y)VN m aX (T+(y),T+(y))VN 

If 2 lnaj_|_i+- • -+2 In a n +2 In / < 0, then from the same assertions we deduce the same bound, 
but with the domain of integration ranging over the entire interval [T^(y)y/N, T±~ (y)y/~N]. 
By the change of variables, 

H ha„ 
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the right-hand side of (2.24) equals 



f N *? +1 a? +2 a? +3 ...a»e-y 2 ^( J + J )e~^ds 



2K(N) 
2vr 

S~(y)y/N max(S+( 2/ ) ) S 3 +(y))v / JV 

(2.26) 

where 

S;(y),St(y) = ^ + '-- + a ny±^ + --- + a n M l+ ^ ^ 
S 2 (v) = m , m V K+i H i" aJM 

m = %-\- 1 , . . . ,ra : 
In ckjt, -| hln In />0 



/ _ y /a l + -- "L ^g-^in^ -| hlna n + ln/ + ej + i), 

V V a m H hO n 



(2.28) 

S£ (y) = max \/( a i+i "i ^a n )/ai 



m — i+1 , . . . ,n: 
In a„H hln a m + 2 In / >0 



x (y + " + ° n 011 a; H h In a n + In / + e w ) , 

V V a m H ha n 



(2.29) 

if T 2 (y) are finite, and, of course, S 2 (y) = — oo, if T 2 (y) = — oo, S 2 (y) = +oo, if T 2 ~ (y) = 
+oo, and finally 



_ H 1- a n y ± y/di H h an^lna^i j h hia w + In / + ^ ^ 



Now let us take any e > ej+i and M = Mj+i Then, there exist 5 > and Q > 0, such 
that, for all y > satisfying (2.9), we have S^(y) < —Q and min(S^~(y), S% (y)) > 5; and for 
all y < satisfying (2.9), we have S+(y) > Q and max(S2~(y), S£(y)) < —5. Hence 

min(S 2 -( 2 /) ) S 3 -(j/))v / JV S+(y)^N 

fdVN 



(2vr)- 1 / 2 ( / + / )e" s2 / 2 d S > (2^)" 1 /2 / e - 2 /2 ds ^ ^ 

S~(y)y/N m a ,^(S-(y),S-(y))-/N 

(2.31) 

as iV — ► oo. In the case when 2 ln n H h 2 In a^+i + 2 In / < 0, we have the analogue of (2.24) 

with the integral over [T[~ (y)y/~N, T 1 + (y)v / ^V], and by the same change we get the bound 

S+(y)VN Q\Tn 
(27T)" 1 / 2 J e- s2 / 2 d S >(27r)- 1/2 J e^^ds - 1, TV - oo. (2.32) 

S~(y)^N -QVN 
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Since [resp. Mj+i] could be chosen arbitrarily small [resp. large], by the induction hy- 
pothesis, the estimates (2.24), (2.26), and (2.31), (2.32) show that, for any e > small 
enough, and M > large enough, the assertion (2.8) holds uniformly in the domain (2.9). 
This finishes the proof of the lemma. 

Lemma 2.1 implies the next lemma. 



Lemma 2.2: Let I e {0, . . . , k — 1}, c be with \c\ < ^/21na; + i(az + i + • • • + a k )/ai + i. For 
any e,5 > small enough, and M > 0, there exists N = N (e,5, M), such that, for all 
N > N , the probability 

F(W E {-1,1} {1 - WI)N : 7= ; _ =-(\c\+z)VN $K{N)e c2N / 2 {a l+1 ---a k )- N A) 

(2.33) 

is bounded from above and below, respectively, by 

exp ( - (1 ± 5)(27r)- 1/2 2K(A^)|A|e- (2|c|z+z2)iV/2 ) (2.34) 

for any —e<z< M. 



Proof. If |c| < Y / 21naz + i(az + i H h a k )/ai +1 , then by (1.5) we have e c / 2 (a^ + i • • • a k ) 1 < 

1 and with some eo > small enough: 

/ ( a Ji+i H 1- On)(21na m H h 21na„ + 2(c 2 /2 - ln(aj • • -ajj) + e ) 

max max 



. m=Ji + 2,...,n a m + ■ ■ ■ + a n 

(2 In a Jl+2 + • • • + 21na n + 2(c 2 /2 - ln(a J;+1 ■ ■ - ajj) + e ) < c 2 . 

(2.35) 

This last inequality remains true with c 2 replaced in the left-hand side by (|c| + z) 2 if z > — e 
with e > small enough. Then Lemma 2.1 applies with i = J/ + 1 and f = e c / 2 (qz_|_i • • • a^) -1 
and gives the asymptotics (2.34).<0 



Lemma 2.2 with I = 0, z = 0, K(N) = v27r/2 implies immediately the convergence of the 
avoidance function (2.1) in the case 1 = 0. To conclude the proof of (1.12), let us note that 

EM° N (A) = " c ^v^l e 2- N - 1 (2ir)e c » N / 2 A) (2.36) 

is the sum of 2 N identical terms, each of them being 2 _Ar | J 4| (1 + o(l)) by the trivial estimate 
for standard Gaussian random variables (2.11). Then (2.36) converges to \A\ and the proof 
of (1.12) is finished. 
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To prove the convergence of the avoidance function (2.1) in the case I > 1, let us write the 
event {M l N (A) = 0} in terms of the functions U^n defined in (1.21) as 

{M l N (A) = 0} 

= {V<r G Yi Wi n, a G Z (1 _ Wl)N : \X* - Vn[q + TV" 1 ^ - U^(X*))] \ R^N^a} 

(2.37) 

with the abbreviations (1.20), (1.22), (1.26). Let us introduce the following event with a 
parameter y > 0: 

B l N (y) = {Vj = l,...,Z,V* : 

(2.38) 

2r 3 - iv - 2ATcZj - ( 71 + . . . + 7j )y < U7k(x£) < y( 7 i + ■ ■ ■ + 7,0 }■ 

By the convergence (1.23) to (1.24), the property (1.6) and the symmetry of the standard 
Gaussian distribution, the probability of the complementary event satisfies the following 
bound: 

lim sup F(B l N (y)) < 2exp(-hy), (2.39) 

with some constant h > 0. Now, let us fix any arbitrarily large y > and consider 

¥(M l N (A) = 0) =E[I {b5v(j/)} E(I {a ^ (a)=0} | X J jy j=1 ,Va G E W , N )] 

+ E [ 1 {B l N (y)} E ( 1 {M> N (A)=o} I X^y j=1 ,VB G V WlN )]. 

Due to the representation (2.37), the conditional expectation M(l^ M i ^ =0 y \ X? 3 , V^ =1 , Vct G 
^win) can be viewed as the product over a G T, Wi n of the quantities (2.33) with 

, K (N) = ^H(4Ntt In atf™' 2 , (2.41) 



^/az+i H h a k ' 2 

and 

z = z(a) = {a l+1 + --- + a k )- 1 ' 2 N- 1 (Y^ N -Ui}(Xi 1 )), a G S W;iV . (2.42) 
Furthermore, on B l N (y), we have z(<r) G (— e , ,_ 2dl + e) Vcr G T> Wi n (with some small 

y a ! + iH \~ a k 

enough e > 0), so that Lemma 2.2 applies to R{B l N (y)}^(^{M l N (A)=o} I X- J , V^- =1 , Vcr G S Wj jv). 
Hence, by (2.40) and by Lemma 2.2, for any 5 > small enough, there exists N (S,y) such 
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that for all N > N 

E[ H exp(-(l-J)(27r)- 1 /22K(iV)|A| e -( 2 l c l^)^ 2 ^) iV / 2 )] + ¥(B l N (y)) 
^ E [*W»» II exp(-(l-5)(2vr)- 1 /2 2 ^( A r ) |^| e -(2| C |^ 2 (^))^] 
> P(M^(A) = 0) 

^[^(v)} II exp(-(l + 5)(2vr)- 1 /2 2 ^( A r ) |^| e -(^l^ 2 (^))^- 

CTgS^j AT 

>E[ I] exp(-(l + ,5)(27r)- 1 / 2 2^(iV)|^|e-( 2|c|z( " )+z2( " ) ) JV/2 )] - ¥(B l N (y)). 

(2.43) 

Using the convergence (1.23) to (1.24), we derive that for any y > large enough and 8 > 
small enough 

E J"} exp(-(l-<5)|A|e A(7ia:i+ - +7 ' a;!) ) + lim sup P(B^(y)) 

(a:i,...,x ! )e7'l 



> lim sup P(.Mjv(-4) = 0) > lim inf ¥(M N {A) = 0) 

> E JJ exp(-(l + 5)\A\e^ l ^ lXl+ - +llXl) ) - lim sup F(B l N (y)). 

(x lt ...,xi)eVi 



(2.44) 



N—>00 



Thus (2.44) and (2.39) imply the following bounds: 

Eexp(-(1 - 5)\A\A t ) + 2exp(-hy) > lim sup P(M l N (A) = 0) 

A 7 "— >oo 

> lim inf ¥(M l N (A) = 0) > Eexp(-(1 + S)\A\A t )) - 2exp(-hy). 

AT— >oo 



(2.45) 



Since y > can be chosen arbitrarily large and 5 > fixed arbitrarily small, this finishes the 
proof of the convergence of the avoidance function (2.1) in the case of I = 1, 2, . . . , k — 1. 

To proceed with the proof of tightness (2.3), we need the following lemma. 

Lemma 2.3: Let I e {0, . . . , k - 1}, \c\ < 2\n ai +1 (ai + i H h a k )/ai+i, K(N) > is 

polynomial in N, z G R. For ant/ segment B C R+ ; Zei us define an integer-valued random 
variable 



n c,z,K{N) 
LN 



(B) 



v / ^+TT TTT Tafc 



>/jV(|c| + z)| € K(iV)e c2iV / 2 (a H1 • • • a k )~ N B}. 

(2.46) 
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(i) For any bounded segment A C M +; any e,5 > small enough and M > there exists 
No = Nq (5, M, e) such that for all N > No, for any B C A and any z e] — e, M[ we /lave: 



P ( T c^,if(iV) (B) > ^ < (i + 5 )| B |^(iv)(2/V2^) e -( 2 l c l z+z2 ) 7V / 2 . 



(2.47) 



(m,) For any bounded segment A C R+, any (5 > smaZZ enough, K > Zarpe enough and 
M > i/iere exists iVo = -/V (<5, M, if) st/c/i i/tai /or a// N > N , for any segment B C A with 
\B\ < K~ x and for any 



z = zn 6 



ln(2if(A^)/V27r)-lnif 



, M 



we have: 

F(T^ K(N) (B) > 2) 

< 5\B\K{N){2/^)e-W c \ z+z ^ N ' 2 + (|5|i^A0(2/v^)e- (2|c| ^ 2)JV/2 ) 2 /2- 



(2.48) 



(2.49) 



Remark: The bound (2.49) is far from being the optimal one, but it is enough for our 
purpose. Therefore, we do not prove a precise bound that requires much more tedious 
computations. 

Proof. The right-hand side of (2.47) is bounded from above by 

(a I+1 • • • a k ) N F(\X - y/N(\c\ + z)\ € K{N)e c2N ' 2 {a l+1 ■ ■ ■ a k )~ N b) (2.50) 

with X a standard Gaussian random variable. Since by the assumption of the lemma and by 
(1.5) we have e c2 / 2 (a/+i • • • a^) -1 < 1, then (2.47) is obvious from the trivial estimate (2.11). 

To prove (ii), note that ETi'^' K( ~ N \b) just equals (2.50), whence 

^T^' K(N \B) < (1 + 5)\B\K{N)(2/V2^)e- {2 ^ Z+Z ^ N / 2 . (2.51) 

Finally 

W{T^' K(N \B) > 2) < WT^ K[N \B) - (l - ¥(T^' K(N \b) = 0)) (2.52) 

where by Lemma 2.2 F(T^'^' K( - N \b) = 0) is bounded from above by the exponent (2.34). 
The assumption (2.48) and the fact that \B\ < 1/K assure that the argument of this exponent 
is smaller than 1 by absolute value, i.e. 

< (1 - 5)\B\K(N)(2/V2^)e-^ C \ Z+Z ^ N / 2 < 1 - 5. (2.53) 
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Then (2.52), (2.51), the bound (2.34) with (2.53) and the elementary fact that e~ x < 1 -x + 
x 2 /2 for < x < 1 yield the estimate (2.49). 

We are now ready to prove the tightness (2.3) of the family {M- l N }^ =1 for I = 1, . . . , k— 1. 
For a given e > 0, let us first fix y large enough and N x (y) such that 



¥(B l N (y)) < e/4 ViV > N x = N^y), 



(2.54) 



which is possible due to (2.39). Now let us split the segment A = [a,b] into R disjoint 
segments A\, . . . ,Ar of size (b — a)/R, R > 1. Then 



R 



n{M l N (A) >R}n B l N (y)) < n{M l N (Ai) > 2} n B l N {y)) 

i=l 

R 

<E E nC l N (A,d)nB l N (y,a)) 



(2.55) 



R 



+ E E nD^Ai^nD^Ai^nB^y^nB^y,®) 

1 = 1 T,fj£E w .N,T^fj 



where 



C N (Ai,a) = < 3ij, f G S (1 _^ ;)A r,?7 / f : 



X/l - >/jV[ci + iV-^r,^ - Ur}{X J J))] | G ^(iV)" 1 ^ for a = f,,a = f }, 
D^^ct) = 1 3d- G S (1 _ Wj)JV 
and 

£<v(y, a) = {Vj = 1, . . . , I : 21^ - 2Ndj - ( 7 i + ■ ■ ■ + 7,)y < ) < 2/(7i + ■ ■ ■ + 7i 

Each term in the first sum of (2.55) equals 

E [V^.»)} E( V.(^)} | ^' v5 - l)1 



X/l - ViV[Q + N- 1 ^ - U-}(X J J))] | G ^(iV)" 1 ^}, 

(2.56) 

)}• 

(2.57) 



(2.58) 



with the random variables T\ 



c,z,K(N) 



l,N 



defined in Lemma 2.3 and with parameters c, K(N),z(a) 
defined by (2.41) and (2.42). Furthermore, on B l N (y,a), the parameter z(a) satisfies the 
condition (2.48) with the constant K = e ^ 1+ - + ^ y and M = 2di(a i+1 H h a k y 1 / 2 + e 
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with some small e > 0. Therefore, if \Ai\ = (a — b)/R < e _/3, ( 7lH l_7 ^ !/ , then the assertion 
(ii) of Lemma 2.3 applies to the conditional expectation in (2.58). Next, each term of the 
second sum of (2.55) equals 



X %)^)>i}l^-W 



where on B l N (y,r)) n B l N (y,r) we have — e < z(T),z(rj) < 2di(ai + i + • • • + a^) -1 / 2 + e with 
some small e > 0. Then the assertion (i) of Lemma 2.3 applies to the conditional expectations 
in (2.59). Thus by Lemma 2.3, for any 5 > 0, there exists N 2 {y, 5) such that for all N > N 2 

R 

Y j n{M° N (A l )>2}nB l N (y)) 

i=i 

R 

(2\c\z{a)+z 2 (a))N/2\ 



< 



^(V^)K(N){b-a)R-^{ Y. E {^(^)} ( 

R 

+ ^(4/2vr)K(iV) 2 (6 - a) 2 R- 2 

i=l 

xE(- Y 1 { , -(2\c\z(a)W(a))N 

T -(2|c|z(t)+zV)+2|c|z«)+z 2 «))aT/2\ 
{Bj v (w,f),Bj v ( W ,fl)} ; 

= 6(b - a)I N (y) + iT 1 ^ - a) 2 J N {y)/2 

where 

J„(y) = (2/v^F)*WE( £ E {^(^)} e " (2|C ' Z( ' )+Z2( ' ))iV/2 )' 
J N (y) = (4/(2n))K(NfK( £ I { ^ ( ^ )}e -( 2 |cW») + . a (»))N/ 2 ^ 

Here, the quantity In(v) converges to 

J(y)=E y e^ (7lXl+ - 7iXi) ^(da;i...,dx ; ) 



V1<3<I: 
71 ^lH &j <(TlH fyOs 



y e /3(7i*l+-7.*l)-*l — -^dx!,...,^, < 



00. 



Vl<j<I: 

ti^iH ^^i^j <(ti H 'j )y 



Mertens 
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Therefore, one can fix N 3 = N 3 (y) large enough and then 5 = 5{y) so small that 5(b — 
o)Jjv(y) < e/4, ViV > N 3 (y). The term JAr(y) converges to 

J(j/)=e( y e A(7lXl+ -" +7iXi V(dzi---dx;)) (2.60) 

Vj = l I: 

(Tl^lH |-TjXj)<(TlH h7j)y 

which is finite. In fact, J(y) is the sum of Z + 1 terms, the kth of them being 

2 1 k^l J g2/3j(7ixiH h7fc a; fc) e ft(7/c + ii'fc + iH h7l"l) e A(7fc+ii"fc+iH h7i^i) 



Vl<i<fc:(7 1 a; 1 H 7i £c i)<(7lH h7i)y 

Vk + lXi^lzC-yjiciH h7fcajfcH ^"iXCTlH H7;)y 

Vk + lXi^dC-yjXiH h7fca=fcH HWiXillA \-~ii)y 

x e -xx x k -v k+1 v l -w k+1 w l(j[xi . . . dx k dv k+1 • • • dvidw k+1 ■ ■ ■ dwi < 00. 

(2.61) 

Then for any e > 0, one can choose iV 4 = N^y) such that for all N > iVi(y) \Jn{u) — J(y)\ < 
e/4. Next, let us choose R = R {y) > K = e ^ 1+ -^ '{b - a) such that (b - afR^ 1 < 1 
and also such that (b - a) 2 Rq 1 J (y) < e/4. Thus (6- afR' 1 Jjv(y)/2 < e/2 ViV > N 4 (y) and 
VR>R . Hence, 

R 

J2n{M° N (Ai)>2}nB l N (y))<3e/4 VR> R , and VN > N 2 (5(y),y), N 3 (y), N 4 (y). 

i=l 

(2.62) 

Taking into account (2.54), we obtain that 

P(M5v(A) > R) < e VR>R and ViV > max(iVi, iV 2 , iV 3 , iV 4 ), (2.63) 

whence 

P(A4(^) > 1113x^0,2^,2^,2^,2^)) < e ViV > 1, (2.64) 

then M l N is tight. 

It remains to show that the limit M l of any weakly convergent subsequence of {M l N } is a 
simple process, that is very easy. Consider any segment A = [a, b) and its dissecting system 
{A rti ,i = 1,2, ... ,2 r ,r = 1,2, ...} such that A 1A = [a, (o + 6)/2) and Ai, 2 = [(a + 6)/2,6) 
are obtained by splitting [a, 6) in the middle and the system of disjoint intervals {A r ^,i = 
1,2,..., 2 r } is obtained from {A r _i t i, i = 1,2,..., 2 r ~ 1 } by splitting similarly each segment 
of the latter system into two parts in the middle. It follows from the estimates (2.54) and 
(2.62) that for any e > there exists N and r such that 

F{3i = 1, . . . , 2 r : M l N (A r ,i) > 2) < e ViV > N , Vr > r . (2.65) 
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Then for any e > there exists r such that 

F(3i = l,...,2 r :M l (A r!l )>2) <e Vr > r . (2.66) 

Then M 1 can have double points within A with probability smaller than e. Since e > is 
arbitrary, it follows that M 1 is simple. Thus the proof of the theorem is complete. 
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